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Abstract

The received concept of strategic (game-theoretic) rationality is attended by a formidable list of para-
doxes, anomalies, and empirical failures. This paper reviews three well-known and problematic decision
contexts and diagnoses as a common source of difficulty the failure in the received view of rationality
to adequately recognize risk-return tradeoffs. This diagnosis is then supported by computational ex-
periments and analysis that demonstrate the effectiveness in strategic contexts of specific and plausible
forms of decision making that do better justice to risk-return tradeoffs. The paper suggests that this kind
of rationality, called an exploring rationality, be considered as an alternative to the received view.
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Rational agents, according to the standard account of rationality in classical game theory,1 are omniscient,
deductively omnipotent maximizers of (their own) expected utility. Games are ‘solved’—their outcomes
predicted—by ascertaining their equilibria (particularly Nash equilibria and refinements thereof) and show-
ing how rational agents, so defined, will reach these equilibria.

These statements, of course, constitute a caricature bordering on parody of a thoughtful, vibrant, and
rich literature. Agents are not required to be generally omniscient and deductively omnipotent, they merely
need to have common knowledge of the game (including the rationality of their counter-players) and be
able reliably to make all relevant deductions. (See Shubik [34] for an especially forthcoming account.) And
forays beyond these stringent assumptions are very much in play. (At the textbook level see, e.g., [2, 12].)
Even so, this characterization—of the standard account of rationality in games (SARG)—is sufficiently
accurate to serve present purposes. These purposes are to motivate and conduct in small part an examination
of alternate concepts of rationality in contexts of strategic interaction (games, in the technical sense of game
theory).

Theprima facieimplausibility of the standard account of rationality in games (SARG) has not, indeed
has never, gone unnoticed. Accumulating experimental evidence over the last 40 years and more, however,
has led to reconsideration and search for alternatives on the part of many researchers in game theory. (See
[4, 19] for useful compendia of results.) The following passage from a recent textbook on game theory is
representative of the thoughts of at least many researchers.

Ironically, game theory is often hoisted on its own pétard: many of its most fundamental
predictions—predictions that would have been too vague to test with any confidence in the pre-
game-theoretic era—aredecisively and repeatedly disconfirmed,in laboratory settings, with
substantial agreement among experimenters, regardless of their theoretical priors. [12, page
xxiv]

Many other worries can be added to a list of legitimate concerns. I am especially struck by two of a com-
putational nature. First, equilibria in games are often so computationally complex as to be intractable from
any realistic perspective. Second, as proved in [13], predicting outcomes of games can be undecidable, even
for relatively simple games (such as spatialized Prisoner’s Dilemma). In either case, rationality—or the
standard account thereof—degenerates to a counsel of perfection, impossible to follow.

One response to this situation is to eschew rationality as an explanatory, or even relevant, concept.
Instead of agents having strategies (and having them wisely, rationally, or not etc.), the focus is on the
behavior of the strategies themselves. Agents are secondary, they merely carry strategies. The action focuses
on the dynamics of (evolutionary) interplay among the strategies. That is the tack taken by Gintis (and
others). Here is his motivating description of the programme.

. . .game theory is about the emergence, transformation, diffusion, and stabilization of forms
of behavior.Traditionally, game theory has been seen as a theory of how “rational agents”do
behave, and/or how the rest of usshouldbehave. Ironically, game theory which for so long
was predicated upon agent rationality, has shown us, by example, the shakiness of the concept.
For one thing, the centipede game and others like it show that there is nothing substantively
“rational” about even so simple a thing as eliminating dominated strategies . . . . Moreover,
the solution to some games (even when unique) is often so sophisticated that it is implausible
that ordinary people would be willing to spend the resources to discover it. This supports
the evolutionary notion that good strategies diffuse across populations of players rather than
being learned by “rational optimizers.” Finally, experimental studies of dictator, ultimatum,
and public goods games indicate that if people are “rational,” it must be in a sense far more
sophisticated than the simple, self-interested, maximization of expected utility.

1The literature is huge. Important exemplars include [10, 25, 34].
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It is better to drop the term “rational” altogether, which is what we do in this book . . . .

In the same vein, we do not follow classical game theory in asking how agents “learn” to play
optimal strategies, because the cognitive processes involved in “learning” are probably, under
most conditions, much less important than the forms of imitation underlying the replicator
dynamic. . . and cultural transmission. . . . In short, evolutionary game theory replaces the idea
that games have “solutions” that agents “learn,” with the idea that games are embedded in
natural and social processes that produce agents who play effectively.

Dispensing with the rationality postulate does not imply that people areirrational (whatever
that means). The point is that the concept of “rationality” does not help us understand the
world. [12, pages xxv-xxvi]

I wish to motivate and begin to develop here an alternative response, or programme of research, regarding
rationality in contexts of strategic interaction. To this end, I shall discuss in §1 three decision contexts that,
I argue,suggestsomething important about rationality and that motivate subsequent investigation. §2 then
accepts the suggestion and describes a series of computational experiments involving learning in games. I
conclude in §3 with a summary and brief comments.

First, a (mostly) terminological note. The wordrational should not be ceded to any particular theory
of rationality. Instead, I shall make free use ofrational, rationality and so on in an atheoretic, ordinary
language way, relying on context or an explicit device (e.g.,SARG) to indicate when I am referring to a
particular theory of rationality. I note that at least one economist of repute shares this practice.

Rationality is interpreted here, broadly, as the discipline of subjecting one’s choices—of actions
as well as of objectives, values and priorities—to reasoned scrutiny. Rather than defining ra-
tionality in terms of some formulaic conditions that have been proposed in the literature (such
as satisfying some prespecified axioms of “internal consistency of choice,” or being in confor-
mity with “intelligent pursuit of self-interest,” or being some variant of maximizing behavior),
rationality is seen here in much more general terms as the need to subject one’s choices to the
demands of reason. [33, page 4]

1 Three Decision Contexts

Our first decision context is a game of Repeated Prisoner’s Dilemma (RPD), in which two players play a
one-shot Prisoner’s Dilemma (PD) game multiple times. The one-shot Prisoner’s Dilemma game—serving
as thestage gamein the repeated game, RPD—involves two players each with two strategies:C (coöperate)
andD (defect). In strategic (aka: normal) form the game is: with the requirement thatT > R > P > S

C D

R T
C R S

S P
D T P

Figure 1: Schema for 2×2 Symmetric Games

and that2 · R > T + S. Mnemonically: R=Reward for mutual cöoperation;T=Temptation to defect;
S=the Sucker’s payoff; andP=the Penalty for mutual defection. Typically, even usually, in experiments
T = 5, R = 3, P = 1, andS = 0. SinceT > R andP > S, there is only one equilibrium point (EP): both
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players playD. The dilemma, of course, is that if both players playedC, both would be better off, since
R > P .

In the one-shot PD game each player has a dominant strategy, which is to playD. The outcome(D,D)
is a Nash equilibrium because neither agent/player has an incentive to regret its decision, given the decision
by the other player. Case closed according to SARG; both players, if rational, will defect. The situation
is more complicated when the game (PD or indeed any game) is repeated. There are two cases: infinite
or indefinite repetition, in which after each stage of play there is a non-zero probability of playing another
game; and definite or finite repetition, in which it is announced to the players that a specific number of
stages will constitute the repeated game. In the case of indefinite repetition, the famous (and genuine) Folk
Theorem of game theory applies: nearly any sequence of outcomes (other than uniformly the worst possible
outcome for one player) can be obtained by a Nash equilibrium.2 In short, the number of equilibria explodes,
so that ‘solving’ the game by predicting its outcome will be at an equilibrium point is not especially helpful.

Classical game theory is much more specific for definitely repeated Prisoner’s Dilemma (DRPD): there
is one (subgame-perfect)3 equilibrium and that is that both players always playD. The argument is by
backwards induction. If there is only one game left to play, each player should defect, by the argument from
dominance, since we are effectively in the one-shot case again. If there are two games left to play and on the
last game both players will defect, then the next to last game should be seen under the one-shot view, . . . ,
and so on. At least as early as the mid-1950s this conclusion by backwards induction for DRPD made game
theorists uneasy. Luce and Raiffa [25] note the argument with approval and avowed unease. They confess
they would very often be inclined to behave ‘irrationally’.

Our second decision context is the well-known Surprise Exam Paradox (aka: Surprise Hanging Para-
dox).4 The scene is a classroom. The teacher announces that there will be a surprise examination given at
one of the following six meetings of the class. The exam will be a surprise in the sense that on the morning
of the day of the exam the students will not have enough information to know that the exam will occur that
day with a probability at or abovel, a given threshold (level or line), sayl = 2

5 . The students find this
puzzling and they reason as follows. “There cannot be a surprise exam on the sixth, the last, day, since we
would know that morning that the exam had not yet taken place and hence that it would have to be given that
day. But if we know that the surprise exam cannot happen on the sixth day, by similar reasoning it cannot
happen on the fifth day. If the morning of the fifth day arrives without our having had the exam, we would
know that it has to be given then, since it can’t happen on the sixth day. Therefore, the exam cannot be given
on the fifth day either. By continuing this reasoning process we find that it is impossible for the teacher to
give us a surprise exam during the next six meetings of the class.”

The students’ reasoning, of course, relies on backward induction, as does the game-theoretic reasoning
to universal defection in DRPD, discussed above. As noted by Grim et al. [13, page 163]

The similarity of this reasoning to that of the argument for dominant defection throughout a
series of known finite length is worth noting because of course the Surprise Examination is
treated standardly in the philosophical literature as aparadox,thought to hide some fallacious
piece of logical legerdemain. That the same form of reasoning is thought of as valid in the
theoretical economics literature, though perhaps inapplicable in some practical sense, indicates
that important work remains to be done in bridging the two bodies of work.

Should we conclude that backwards induction is a glory of game theory and a scandal of philosophy?5

2Binmore [2] has a clear and accessible presentation and proof.
3A technical matter that need not detain us. The interested philosopher will find a good discussion of the concept in theStanford

Encyclopedia of Philosophy,at http://plato.stanford.edu/entries/game-theory/.
4The literature is voluminous. A sample: [1, 3, 5, 7, 14, 29, 32, 37]. There is a useful bibliography at

http://www.magnolia.net/˜leonf/paradox/hanging.txt.
5Apologies to C.D. Broad who is reputed to have said of induction of the Humean type that it is “the glory of science and the
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Our third decision context is non-strategic; it is not a game. The agents play only against nature, who
acts without interests or foresight. Here is a description of the original experiment, which has been profusely
replicated and confirmed in its results.

In the Humphreys’ (1939 [17]) light-guessing experiment, a subject is seated before two bulbs
and is instructed to predict which one will illuminate on each of a series of trials. Only one bulb
lights on any trial. After his prediction, the subject is able to see whether or not he was correct
by simply observing which light subsequently illuminates. The probability that a given bulb
will light is fixed in advance and is typically figured for a block of trials. . . .

At the start of this experiment subjects typically distribute their choices equally between the two
lights. As the experiment continues, they tend to increase their choices of the more frequently
reinforced light. After one to two hundred trials, the behavior of the subjects generally stabilizes
and they choose each light with the same probability with which the bulb illuminates; this is
generally called amatching strategy.[28, pages 11–2]

The subjects’ behavior is not optimal, even though they learn accurately the probabilities in question. Instead
of matching, subjects would do better always to guess that the light with the higher (estimated) probability
of being lit will light next.

How might we explain such behavior? Here is oneform of explanation:

One theory and model. . . of decision making in the light-guessing experiment is based upon
the assumption that the subject behaves as if he is maximizing his expected utility. The term,
utility, as it is used here does not refer simply to the reward associated with each alternative, but
also to any other considerations which may increase the subjective value of a particular choice.
. . . Siegel has considered two sources of utility in the light-guessing experiment. The first is
the utility of a correct choice, that is, the utility of the reward received for correctly predicting
which light will illuminate on a trial. The second source of utility is that of choice variability
resulting from the intrinsic boredom of a pure strategy (choosing the same light constantly), as
well as from the greater satisfaction connected with being able to predict the less frequent light
correctly. [28, page 12]

In other words, it is assumed that agents maximize expected utility. If their behavior indicates otherwise,
sources of utility are added to the model until it fits the data. Ofshe & Ofshe [28], from whom these
passages are quoted, extend this move to explain behavior in certain games. It is posited that subjects have
utility functions for a number of factors, which they estimate, then act upon accordingly. The move on
display—assuming that agents maximize utilities and adding sources of utility until models fit the data—
is representative, and hardly peculiar to Siegel or Ofshe & Ofshe. Models thus produced are in principle
testable and usable for generalizations, although results have not been impressive. It is at least worth asking
whether any very different form of explanation for the light-guessing experiments might be apt.

Now to some analysis of the three cases. What I have to say is not aimed at giving a definitive and
exclusive treatment of the three examples. Given that each is open to multiple interpretations, I doubt any
such venture could succeed. My goal, instead, is to draw out a certain theme that I think unites these cases
and that bears on the concept of rationality. I’ll begin with the Surprise Exam paradox.

Suppose, more stringently, the teacher says, “Class, tomorrow I will give you a surprise exam.” Is it
possible for this to be true? If it is to be true, the exam is given tomorrow (E) and it is a surprise to the
students (S). Determining whether the exam is in fact given is, I shall suppose, unproblematic. What counts
as it being a surprise? Let us say that if (and only if), from the students’ perspective, the probability of

scandal of philosophy.”
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the exam’s being given is below a critical level,l, and the exam is given, then the students are surprised.
Formally,

(P (E) < l ∧ E) ↔ S (1)

For the sake of the discussion, let us setl to 2
5 ; but any valuel > 0 will do. The teacher can give a

surprise exam by defining a chance setup and a random variable, sayE′, that takes on a value of 1 such that
P (E′ = 1) < l. The teacher then commits herself to giving the exam if and only if in a specified trial of the
chance setupE′ = 1. For example, the chance setup might be a single roll of a fair die andE′ = 1 if and
only if a 1 or a 2 comes up on the specified trial. ThenP (E′ = 1) = 1

3 < l. The teacher rolls the die today
and keeps the outcome secret. If and only if the die comes up 1 or 2, the teacher gives the exam the next day
and the students are surprised (and so is the teacher, if asked before the die is rolled). Summarizing:

1. l = 2
5 (or any value> 0)

2. (P (E) < l ∧ E) ↔ S

3. P (E′ = 1) < l (by design of the chance setup)

4. P (E′ = 1) = P (E) (by commitment of the teacher)

5. E′ = 1 ↔ E (by commitment of the teacher)

|= (E ∧ S) ∨ (¬E ∧ ¬S)

And (E ∧S) with probabilityP (E) = P (E′ = 1) < l. The teacher can give a surprise exam tomorrow, but
she runs some risk of speaking falsely when making the announcement. In our example, the teacher’s risk,
RT , is (1−P (E′ = 1)) = 2

3 . That is a lot of risk for the teacher to take, but if she is willing to take that risk,
it becomes possible to announce and succeed in giving a surprise exam tomorrow. The students’ error is in
failing to see this, in failing to appreciate that the teacher faces a risk-return tradeoff and may (dare we say
rationally?) choose to make the tradeoff in a manner that accepts substantial risk for the benefit of having a
chance at giving a surprise exam tomorrow. Depending onl, which itself depends on the students’ attitudes,
the teacher may be saying something that is probably false. My point is that what she says might be true and
that it is wrong to infer that it can’t be true.

More realistically, the teacher may announce a surprise exam sometime during the nextn days and in
doing so reduce her risk of speaking falsely. That risk cannot be eliminated, but by increasingn it may be
reduced to below any fixed positive number. (I leave the details to the reader.)

The theme I wish to draw out of the Surprise Exam paradox is the (rational) tradeoff between risk and
reward. Failure to recognize this tradeoff is, I claim, sufficient to undo the backwards induction argument
in this case. I am not claiming to have ‘solved’ the Surprise Exam paradox, for it is open to too many
interpretations to admit of any one solution. My purpose is served by noting that the under-appreciated
tradeoff between risk and reward yields under-appreciated empowerment.

Returning now to DRPD, the definitely-repeated Prisoner’s Dilemma, recall the ‘unease’ recorded by
Luce and Raiffa over the conclusion that universal defection is the only rational course. One’s unease may
be strengthened by considering a parameterization of the PD stage game as in Figure 2. Letε > 0 and for
simplicity, let S = 0. SupposeB=$1,000,ε = 1¢, andn (the number of repetitions) is100. Knowing
you are playing another human being, would you never try coöperating to see if(B,B) might be obtained
and even sustained? If not, what aboutB =$1,000,000,ε = 0.001¢, andn =10,000? Surely at some
point, contrary to SARG, it would be irrational not to venture a little coöperation in hopes of inducing
jointly-beneficial outcomes.

On the other hand, if the stage game were parameterized as in Figure 3 withB large andn andε small,
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C D

B B + ε
C B S

S S + ε
D B + ε S + ε

Figure 2: Parameterized PD Stage Game, Encouraging Coöperation

C D

B B + ε
C B S

S B − ε
D B + ε B − ε

Figure 3: Parameterized PD Stage Game, Discouraging Coöperation

it is hard see why one would ever risk playingC. There is very little potential benefit and very much risk.
SARG does not distinguish these two cases. Both (by construction) conform to a PD and in DRPD there

is always only one (subgame-perfect) equilibrium: everyone always defects. Of course, as proved in [24],
if you believe your counter-player in DRPD is irrational, then it may be rational on your part to playC,
at least sometimes. The suggestion here is that if a theory of rationality leads us to this point, then it is
worth considering alternative theories of rationality. Surely, an account of rationality should recognize risk-
return tradeoffs in DRPD. If the rewards are high and the risks are low, might that not encourage risk-taking
because the counter-player is thought to berational?

The light-guessing experiment is seemingly a very different case. It is not strategic and it does not
involve backwards induction. There are two kinds of explanation for the subjects’ behavior: (1) they are
maximizing some non-obvious utility functions, and (2) they are out and out dumb or irrational. A third
type of explanation is available: misapplied heuristic.

Consider another version of the experiment. Instead of two lights flashing at some unknown rate, a
resource, such as food, appears at two different locations, again at some unknown rate. Further, assume there
is competition for the resource and that the subject’s chance of getting the resource is in direct proportion to
the rate of appearance of the resource (analogous to the rate of flashing) times the number of competitors for
the resource (a factornot present in the light-guessing experiment). Concretely, imagine a pond with ducks
as subjects. At one end of the pond an experimenter (Mr. Red, analogous to the red light) throws bread
crumbs into the water at rater; at the other end another experimenter (Ms. Green) throws crumbs at rateg.
We can call this the (prototypical) foraging experiment. The experiment has been done and the ducks will
segregate, withr/(r + g) of them at Mr. Red’s end of the pond andg/(r + g) of them at Ms. Green’s end.
If the rates change or the size of the crumbs changes, the ducks will rapidly adjust (within a few minutes),
maintaining an equal expectation of reward per duck in the pond. In short, the ducks do probability matching
(as a special case; they are sensitive to the size of the rewards), or more generally, expectation matching.
See [11, chapter 11] for a review of the literature.

If a duck applied its foraging heuristic—expectation matching—in the context of a light-guessing ex-
periment, the duck’s behavior would resemble (match?) that of humans in light-guessing experiments. Are
the ducks then foraging irrationally? Not at all. In the foraging context (with competition for resources),
expectation matching is optimal (ceteris paribus). If, instead, a breed of ducks concentrated exclusively on
the more productive source of food, that breed could be evolutionarily invaded by an expectation-matching
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breed, and eventually swamped to extinction. Expectation matching in the foraging context is an ESS, an
evolutionarily stable strategy (see [26] for the concept of an ESS).

Putting the point another way, our theme of risk-return tradeoff returns because expectation matching
is directly and explicitly a policy for making risk-return tradeoffs. In the foraging context it is an excellent
strategy from an evolutionary perspective; it is what you’d like to give your kids. As should be expected, it
is well entrenched in the animal kingdom (again, see [11, chapter 11]). Birds have it, bees have it, we have
it. Subjects in the light-guessing experiments have it and, I submit, may be incorrectly using it to drive their
choices. Incorrectly, but perhaps with a little charity not irrationally. The subjects are (I suggest) using a
successful and well-entrenched heuristic in an unfamiliar situation bearing similarity to contexts in which
the heuristic is correctly applied. Do we really want to declare this irrational, especially during the first few
dozen trials?

Summing up, it seems a truism to say that rational decision making requires attention to, and principled
response to, risk-return tradeoffs. Yet failure to do so, I would argue, underlies the Surprise Exam paradox,
the insistence on the rationality of universal defection in Definitely Repeated Prisoner’s Dilemma, and much
interpretation of the light-guessing experiments. This raises the question of how behavior in games might
be explained, and even justified rationally, when agents take into account risk-return tradeoffs. In the next
section we begin to address this question by examining computational (hence transparent) agents in strategic
contexts. The agents learn and adapt using simple, plausible algorithms that are responsive to risks and
rewards.

2 Reinforcement Learning in Games

Thorndike’s “law of effect” makes the apparently obvious assertion that behavior attended by reward viewed
positively by the organism tends to recur (or be reinforced) and behavior attended by reward viewed neg-
atively tends not to recur. The idea was articulated by behavioral psychologists into a theoretical frame-
work for learning as based on “selection by consequences” [35]. Whether this kind of theory can be ade-
quate for learning in general may be, and has been, doubted (see [11] for a compendium of work from the
computational-representation alternate perspective). The “selection by consequences” view, however, does
have the considerable virtue of affording simple operationalizations. This has led to a prospering sub-field
in machine learning, calledreinforcement learning.6 Standard reference works are [39] and [18].

In non-strategic contexts, reinforcement learning has been proved to be attended by a number of at-
tractive properties, and has shown considerable success in applications. It success to date in games played
by artificial agents [6, 16, 31], and in modeling behavior of players in games [4, 9, 30], has been more
modest. In the latter case, modeling of human subjects, reinforcement learning models easily outperform
predictions from classical game theory, but models with additional factors appear to be improvements on
pure reinforcement learning models.

These are relevant, but somewhat peripheral, considerations for purposes to hand. These purposes are (1)
to present and discuss the performance of a simple (and typical) reinforcement learning model as prototype
of a kind of rationality that explicitly is responsive to risk-reward tradeoffs, and (2) to present and discuss
a new form of reinforcement learning model as a more sophisticated and plausible prototype of this kind of
rationality. §2.1 focuses on point (1), followed by §2.2 and a discussion of point (2).

6Inspired in part by but not to be confused with reinforcement learning in the psychology literature. Actually, reinforcement
learning in the machine learning sense is most closely allied with dynamic programming and Markov decision processes.
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repeat forever:

1. Observe the current state,st.

2. Select the current action,at, from Q(s, a).

3. Take actionat and obtain rewardrt.

4. UpdateQ(s, a) based onrt.

loop

Figure 4: Pseudo-Code for Q-Learning

2.1 Q-Learning: Learning in State Space

In so-called Q-learning [39, 18], an agent finds itself ins, one of many (two or more) possible states, is
presented with a number (two or more) of actions it might take, chooses an action,a, and receives a return
(positive or negative). In consequence, the agent updates its estimate of taking actiona in states, Q(s, a).
See Figure 4 for a summary with pseudo-code.

Choice of action depends in a nondeterministic way onQ(s, a). For the sake of simplicity, discussion
here is limited toε-greedy action selection. Results are robust to reasonable action selection methods. Under
ε-greedy action selection, actiona′ is selected with probability(1 − ε), wherea′ = arg maxa Q(s, a). In
short,a′ is an action that maximizes the current estimatedQ-value for the present state; the agent takes
an action that currently seems to give a highest return. Recognizing the need to explore and to make a
risk-return tradeoff, the agent picks with probabilityε randomly among the available actions that do not
maximizeQ(s, a). Whichever action is taken, after a return is obtainedQ(s, a) is updated. For present
purposes, the update rule is a simple linear learning rule, often used in psychology, having the form

NewEstimate = CurrentEstimate + StepSize{return - CurrentEstimate}
Stated in terms of theQ function,

Q′(s, a) = Q(s, a) + α(r −Q(s, a)) (2)

The step size, orα, is typically set somewhere between 0.2 and 0.4. This update rule is an abstraction of the
running average, in whichα = 1

n . The effect of settingα to a constant is to count recent observations more
heavily and thereby to be responsive to a changing environment.

The object of learning in Q-learning is the Q function, which maps state-action pairs to an estimated
value. For this reason, Q-learning may said to be an example of learning in state space. For future reference,
it is helpful to summarize the Q-learning regime by describing its three principal elements. See Figure 5, for
a summary in the context of repeated play of 2×2 games with a memory of 1 game.

Consider now play by two Q-learning agents of Indefinitely Repeated Prisoner’s Dilemma. The stage
game is repeated 100,000 times in each run. This counts as indefinite repetition because the agents have
no, and can represent no, information concerning the length of play. We parameterize the stage game, as in
Figure 6 (a version of Figure 2, the encouraging scenario, withS = 0, butB is fixed at 3).

Summary results for 100 replications of runs of 10,000 plays are given in Table 1. Note that the level
of mutual cöoperation (CC) declines asδ increases, even though throughout the stage game qualifies as a
Prisoner’s Dilemma. The behavior of these artificial, very simple, unminded agents accords with at least
some intuitions of rationality. Asδ increases, the risk of playingC increases and the comparative benefit
decreases, andvice versa.These agents do quite a good job of sorting this out. The right-most column in
Table 1 is particularly significant. If both agents playedC during the last 100 plays of all 100 replications
(10,000 stage games in all), the agents of would each extract a total of3 · 10000 = 30000 points. This
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1. Alternative (or consideration) set.

In the 2×2 case, conditioning on the last play by the counter-player,A = {[0, 0], [0, 1], [1, 0], [1, 1]}
for each player. Interpretation of[x, y]: if on the last play the counter-player playedx, on this play I
playy, where 1=C and 0=D.

2. Attractiveness estimation.

E.g., linear updating rule forAi, i ∈ A:
Ai

t+1 = Ai
t + α{ri

t −Ai
t}

NewEstimate = CurrentEstimate + StepSize{reward - CurrentEstimate}
In the case of Q-learning,Q′(s, a) = Q(s, a) + α(r −Q(s, a))

3. Choice/exploration policy.

ε–greedy. By defaultε = 0.05.

Figure 5: Summary of Elements in a Q-Learning Regime for 2×2 Games

C D

C (3,3)** (0, 3+δ)*
D (3+δ, 0)* (δ, δ)#

Figure 6: A Parameterized PD Stage Game. #=Nash; *=Pareto

is in an important sense the maximum value that can be expected to be extracted from the game; and it is
a constant, regardless ofδ. The column entries show what percentage of the 30000 potential points were
actually gleaned by the row player. (Results are not significantly different for the column player.) The agents
are remarkably effective and consistent in extracting value from the game. The learning regime with itsε-
greedy exploration policy (a policy for making risk-reward tradeoffs) has robustly succeeded in returning
value to our agents. Looking at the stage game, Figure 6, we observe that the Pareto optimal outcome,CC,
is a much better predictor of what the agents will realize in returns than is the Nash equilibrium,DD.

The findings reported here for Repeated PD generalize well to other 2×2 games [21]. They do not,
however, generalize well in more difficult contexts. Cournot duopoly games serve as illustration. In a
Cournot duopoly game (see any textbook on microeconomics) two firms supply a product to a market and
must decide through reasoning and play (not by private negotiation) how much to produce. A monopolist,
without competition, would produce an amount,qm, that will maximize its economic profits. If instead
competition is free among a large number of producers, the total output,qf , will be much larger and none
of the firms will receive a profit in the economic sense of extraordinary returns. (Remember: this is a
model.) Finally, in the duopoly case, total output,qc, will be at the Cournot equiilbrium (it is also the Nash
equilibrium but Cournot lived in the 19th century and gets precedence on this model), which is between the
free competition equilibrium and the monopoly equilibrium. The duopolists will receive economic profits
(‘rents’) but not as much as a monopolist will. Put differently, the consumers prefer free competition to
duopoly and duopoly to monopoly.

The Cournot duopoly model figures large in economic reasoning and policy making. It is usually treated
as a one-shot game, yet in many cases (such as spot markets for electricity) it is played daily or even more
often. Surprisingly, very little experimental work has been done on human subjects in Cournot games. The
best study I have found, by Holt [15], finds that human subjects (in the case of a simple model of costs and
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CC CD DC DD δ Row’s % CC

9422 218 183 177 0.05 0.963
9036 399 388 150 0.5 0.963
5691 738 678 2693 1 0.931
3506 179 275 6040 1.25 0.972
1181 184 116 8519 1.5 0.930

2 98 103 9797 1.75 0.805
97 114 91 9698 2 0.735
0 100 92 9808 2.5 0.839
2 96 94 9808 2.95 0.986

Table 1: Summary of Results for Prisoner’s Dilemma.ε-greedy action selection. Totals are for the last 100
rounds of 100 series of 10,000 plays.

demands) chose production levels very near the predicted Cournot levels, shaded slightly down in favor of
the monopoly (or collusion) level. Simulation of this game with Q-learning agents produced essentially the
same result [20]. Both results seem odd. One would think, contrary to standard fare in economics textbooks,
that rational agents in a repeated Cournot game should be able to learn to collude. If collusion can be learned
in PD, why not in a Cournot game? Leaving aside for the moment the human behavior in the experiment, if,
as is apparent, Q-learners cannot (very easily) learn to collude in repeated Cournot games, perhaps there is
another principled form of learning that can, while recognizing the risk-return tradeoff.

2.2 Learning in Policy Space

One alternative to learning the value of state-action pairs, as in Q-learning, is to learn the values of the
policies in a consideration set. Bypolicy in a repeated game context, I mean a local strategy of play. For
example, a policy might condition its action on the unfolding of play over the last one or two rounds. The
idea is that a player selects a policy and turns play over to it, at least for a time. The policy “sees” the current
state of play and generates the player’s action (deterministically or not, but here I consider only deterministic
rules). To illustrate, in 2×2 games (recall Figure 1), taking into account only the play by the counter-player
in the last round of play, there are eight possible policies for each player. They may be coded as follows.

000 PlayD on the first round of play using this policy, and playD thereafter.

001 PlayD on the first round of play using this policy. After that, if the counter-player playedD on the
previous round, playD on the next round, and if the counter-player playedC on the previous round,
playC on the next round.

010 PlayD on the first round of play using this policy. After that, if the counter-player playedD on the
previous round, playC on the next round, and if the counter-player playedC on the previous round,
playD on the next round.

011 PlayD on the first round of play using this policy. After that, if the counter-player playedD on the
previous round, playC on the next round, and if the counter-player playedC on the previous round,
playC on the next round.

100 PlayC on the first round of play using this policy, and playD thereafter.

11



repeat forever:

1. Select a policyπi ∈ Π, whereΠ is the consideration set of policies.

2. Pick a length of play,k, for policy πi.

3. Play the nextk rounds of the game usingπi.

Note: At each round,πi will observe the current state,st, take an actionat and obtain a rewardrt.

4. UpdateV πi based on the individual-round rewards,rts, obtained during thel rounds of play of policy
πi.

loop

Figure 7: Pseudo-Code for Policy-Space-Learning in Games

101 PlayC on the first round of play using this policy. After that, if the counter-player playedD on the
previous round, playD on the next round, and if the counter-player playedC on the previous round,
playC on the next round. (This policy is called TIT FOR TAT.)

110 PlayC on the first round of play using this policy. After that, if the counter-player playedD on the
previous round, playC on the next round, and if the counter-player playedC on the previous round,
playD on the next round.

111 PlayC on the first round of play using this policy, and playC thereafter.

Figure 7 is the policy-space learning analog of Figure 4, which is for state-space learning. The processes
are quite similar, with two key differences. In state-space learning (Q-learning), the consideration set con-
sists of the state-action pairs recognized by the agent. In policy-space learning, the consideration set consists
of policies (local, myopic instructions for play,not strategies for the entire game), which policies recognize
states and actions. Each policy is complete in the sense that no matter what happens the policy is able to
recommend an action. State-action pairs need not have this property, and do not in our examples above; at
any given time, which state-action pairs (Q(s, a)) are available depends on the current state. Policies, on the
other hand, are responsive to all possible states.

The second way in which policy-space learning differs from state-space learning lies in the fact that
policies are selected and played for a number of rounds,k in Figure 7, before their values (attractivenesses)
are updated and selection of another policy is considered.

Figure 8 is the policy-space counterpart of Figure 5. Note especially that attractiveness estimation and
choice/exploration policy are the same. What differs is the object of learning, the consideration set. Table 2
is the policy-space learning counterpart of Table 1. The results in the two cases are broadly equivalent.

Results differ in the much more complex Cournot duopoly game. In Holt’s model, if each player pro-
duces 6, the monopoly position is achieved and each player makes a profit of 36. If each player produces
12 the competitive position results and each player makes a profit of 0. Finally, the Cournot/Nash equilib-
rium occurs when each player produces 8, for a profit of 32 each. The following five policies constitute a
plausible consideration set for Holt’s version of the Cournot duopoly game [22]. Note that production levels
are real numbers (floating point numbers in a computer simulation), making the state-action space dense for
practical purposes. Part of what policies do for the agents is to categorize state-action space in a way that
makes learning and choice more manageable.

0. G-TFT. If yt−1 > yt−2, thenxt = xt−1 + δ; elsext = xt−1 − δ
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1. Alternative (or consideration) set of policies:

In the 2×2 case, conditioning on the last play by the counter-player,A =
{000, 001, 010, 011, 100, 101, 110, 111} for each player. Form: abc: play a the first time; if
last time counter-player played 0, play b; if last time counter-player played 1, play c.

2. Attractiveness estimation: linear updating rule forAi, i ∈ A:
Ai

t+1 = Ai
t + α{ri

t −Ai
t}

NewEstimate = CurrentEstimate + StepSize{reward - CurrentEstimate}

3. Choice/exploration policy.

ε–greedy. By defaultε =0.05.

Figure 8: Summary of Elements in a Policy Space Learning Regime for 2×2 Games

Average Modal Est. Row’s
δ Payoff Strategy Freq. Value % CC

0.05 2.7224 5 0.5319 2.885 0.907
0.5 2.7577 5 0.7571 2.901 0.919
1.0 2.8108 5 0.8731 2.926 0.937
1.25 2.8139 5 0.8623 2.933 0.938
1.5 2.8083 5 0.8381 2.932 0.936
1.75 2.7950 5 0.8011 2.935 0.932
2.0 2.7314 5 0.6604 2.918 0.910
2.5 2.5324 0 0.8164 2.613 0.844
2.95 2.9524 0 0.8643 3.056 0.984

Table 2: Summary of Results for Policy-Space Learning in Prisoner’s Dilemma. Average Payoff over
800,000 rounds of play. Modal Strategy=most frequently-played strategy; 5 = TIT FOR TAT, 0 = ALL

DEFECT

Comments. Mnemonic: GENEROUSTIT FOR TAT. Here and throughout these rules,δ is fixed at0.2.
Under this strategy the agent incrementally reduces its production so long as its counter-player has
not just increased its production.

1. BESTRESPONSE. xt = 12− 0.5yt−1.

BESTRESPONSEis the strategy hypothesized by Cournot to lead to the Cournot/Nash equilibrium,
which occurs atxt = yt−1 = 8 (in Holt’s version of the game). In addition,π(x, y) (the profit to the
player producing amountx, given that the other player produces amounty) is maximized (forx) at
x = 12− 0.5y. There is only one equilibrium and it is stable.

2. S-TFT.

(a) If xt−1 < yt−1 andyt−2 ≤ yt−1, thenxt = xt−1 + δ.

(b) If xt−1 > yt−1 or xt−2 = xt−1 = yt−1 = yt−2, thenxt = xt−1 − δ.

(c) Else,xt = xt−1.

Mnemonic: SUSPICIOUSTIT FOR TAT. A less optimistic and trusting version of G-TFT.
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3. COPYCAT. xt = yt−1.

Needs no explanation.

4. M-TFT

(a) If xt−1 = xt−2 = yt−1 = yt−2, thenxt = xt−1 − δ.

(b) If xt−1 = xt−2 6= yt−1 = yt−2, thenxt = xt−1 + 0.5 · (yt−1 − xt−1)

(c) Else:

Update the step sizest:

st = st−1 + β · [xt−1 − xt−2]/[yt−1 − yt−2]
Then updatext:

xt = xt−1 + st · [yt−1 − yt−2]
whereβ is a positive parameter less than 1(we used 0.9).

Mnemonic: MURPHY’ S TIT FOR TAT. Another cautious form of TIT FOR TAT.

Table 3 records the results of pairwise play of these five policies. Note in particular the results for the
BESTRESPONSEpolicy when played against itself. As proved in general by Cournot, when two players use
the BESTRESPONSEstrategy they end up at the Cournot equilibrium. This is the strategy sanctioned by
SARG; it plays the role in the Cournot game that defection plays in Prisoner’s Dilemma.

G-TFT BESTRESPONSE S-TFT COPYCAT M-TFT

G-TFT (36, 36) (33.138, 28.165) (36, 36) (36, 36) (36, 36)
BESTRESPONSE (28.165, 33.138) (32, 32) (32, 32) (32, 32) (32.199, 31.899)
S-TFT (36, 36) (32, 32) (36, 36) (36, 36) (36, 36)
COPYCAT (36, 36) (32, 32) (36, 36) (23.166, 23.166) (36, 36)
M-TFT (36, 36) (31.899, 32.199) (36, 36) (36, 36) (36, 36)

Table 3: Average over 100 runs of average profit realized during the last 100 of 10,000 plays

With all five policies in the consideration sets of the two duopolists, their average profits usually exceed
35 each (recall: 32 each is the Cournot/Nash equilibrium; 36 each is the split of the monopolist’s position).7

Figure 9 shows the running average profits during a typical run of 100,000 iterations of the game. It is
evident that the policy-learning agents succeed on the whole in colluding tacitly. This raises the question
of why Holt’s human subjects were unable to collude tacitly and realize profits closer to the monopolist’s.
Perhaps the agent results are somehow an artifact. Perhaps, but this has to be resolved with further investiga-
tion. Note, however, that for real agents incentives and experience matter. Holt’s subjects were not strongly
incented and they accumulated only modest experience. One has to ask how, say, two electric power compa-
nies would fare repeatedly playing in a daily spot market for electricity, with millions of dollars at stake. At
the very least, the agent simulations demonstrate that if the firms can limit their consideration set of policies
in this way and if they engage in learning in policy space, then it is quite possible to arrive at tacit collusion.

Returning briefly to the 2×2 game, we can gain some analytic insight into learning in policy space.
Inevitably some simplification is required. In step 2 of policy-space learning (see Figure 7), the agent picks
a length of play,k. In the simulation results presented above the agents picked theirk’s independently, so
that policy switching points were not synchronized. Let us now assume that all agents use a common value

7These results are robust for subsets of these five policies.

14



Figure 9: Average profit realized by player over 100,000 repetitions in a typical run, strategies 0–4 available;
ε–greedy strategy selection.

of k and consequently switch their policies in unison. The return from an episode ofk plays of a policy can
now be precisely specified. It will of course depend on the policy, the policy of the counter-player and the
value ofk. Tables 4 and 5 record those returns for symmetric 2×2 games, coded as in Figure 1.

000 001 010 011

000 Pk Pk P + T (k − 1) P + T (k − 1)
001 Pk Pk (P + T + S)k/3 P + T (k − 1)
010 P + S(k − 1) (P + S + T )k/3 (P + R)k/2 (P + R + T (k − 2))
011 P + S(k − 1) P + S + R(k − 2) P + R + S(k − 2) P + R(k − 1)
100 S + P (k − 1) S + T + P (k − 2) S + P + T (k − 2) S + T (k − 1)
101 S + P (k − 1) (S + T )k/2 (S + P + T + R)k/4 S + T + R(k − 2)
110 Sk (S + R + T + P )k/4 Sk S + R + T (k − 2)
111 Sk S + R(k − 1) Sk S + R(k − 1)

Table 4: Payoffs to the Row player from play ofk rounds for the indicated policy pairs

Consider Prisoner’s Dilemma again. Recall that in PD we require thatT > R > P > S. In Table
5 under the column for TIT FOR TAT (101) notice that the returnRk, obtained by policies 101 and 111
(ALL C) is strictly larger than the returns for any of the other strategies (assumingk is sufficiently large; a
weak requirement). Suppose that each agent plays independently 101 with probability1 − ε and the other
strategies with probabilityε7 . With a bit of algebra, which I shall spare the reader, it can be seen that for large
(nearly all) ranges of values ofT,R, P, andS the data from the episode will in expectation confirm strategy
101 for each player.8 In short, tacit collusion is achieved because 101 versus 101 is a stochastic equilibrium.
The policy-space learning regime of play (withε-greedy policy selection) transforms the game, creating an
equilibrium that affords the players tacit collusion.

This can be seen as well for the important 2×2 symmetric game of Stag Hunt [36], characterized by
R > T > P > S. Stag Hunt as a stage game has two Nash equilibria in pure strategies,(R,R) and(P, P ),

8Not in all cases because 111 ALL C does better against 001 SUSPICIOUSTIT FOR TAT than does 101.
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100 101 110 111

000 T + P (k − 1) T + P (k − 1) Tk Tk
001 T + S + P (k − 2) (T + S)k/2 (T + R + S + P )k/4 T + R(k − 1)
010 T + P + S(k − 2) (T + P + S + R)k/4 Tk Tk
011 T + S(k − 1) T + S + R(k − 2) T + R + S(k − 2) T + R(k − 1)
100 R + P (k − 1) R + T + P (k − 2) R + P + T (k − 2) R + T (k − 1)
101 R + S + P (k − 2) Rk (R + S + P + T )k/4 Rk
110 R + P + S(k − 2) (R + T + P + S)k/4 (R + P )k/2 R + T (k − 1)
111 R + S(k − 1) Rk R + S(k − 1) Rk

Table 5: Payoffs to the Row player from play ofk rounds for the indicated policy pairs

and one Pareto optimal outcome,(R,R). Game theorists have tended to focus on(P, P ) as the predicted
outcome because playingD is less risky for each of the players.(P, P ) is said to be therisk dominant
equilibrium outcome. This may be plausible for the single-shot game (played once), but when the game is
repeated why should it be a norm of rationality to minimize risk, regardless of return? Tables 4 and 5 are
again helpful. TIT FOR TAT versus TIT FOR TAT is even more favorable and stable in Stag Hunt than it is
in Prisoner’s Dilemma, producing(R,R) on most plays. On the other hand, ALL D (000) versus ALL D is
notstable (for wide ranges of values on the payoffs) and typically falls in favor of TIT FOR TAT. Again, this
results from the transformation induced by the policy-space learning regime, which is robust: simulations
under relaxed conditions (k chosen independently, etc.) lead uniformly to mutual coöperation in Stag Hunt.

3 Summary and Discussion

Before commenting on these findings, let me summarize the argument, or story.

1. Standard game-theoretic rationality (SARG) is attended by various paradoxes and problems.

2. With repeated games, and the Folk Theorem applying, SARG fails to make discriminating predictions.
Predictions from single-shot models are unreliable.

3. The SARG account of finitely-repeated Prisoner’s Dilemma (predicting universal defection) is de-
scriptively inaccurate and, under some conditions at least, contrary to sensible notions of rationality.

4. Failure to recognize and properly accommodate risk-return tradeoffs underlies the Surprise Exam
paradox, the insistence on the rationality of universal defection in Definitely Repeated Prisoner’s
Dilemma, and much interpretation of the light-guessing experiments.

5. An alternative form of rationality, which could be called anexploring rationalitycould recognize (the
obvious) risk–return (aka: exploration–exploitation) tradeoffs faced by agents and, in doing so, could
avoid the ambient paradoxes in a principled and empirically testable way.

6. Reinforcement learning in the state-space sense (Q-learning, e.g.) is a plausible and well-motivated
form of minimal exploring rationality. It yields interesting results for games.

7. Reinforcement learning in the policy-space sense (introduced here for games) is a plausible, more
powerful (and still testable) form of (potentially more than) minimal rationality. Results to date al-
ready suggest reëvaluation of public policy judgments regarding opportunities for tacit collusion in
markets.
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8. Analysis of simplified forms of learning in policy space explain and predict tacit collusion in repeated
games. The policy-space learning regime transforms the game so that collusive outcomes (more
generally, nearly Pareto-optimal outcomes) are realized as equilibria. Simulation results indicate that
the findings of analysis in the simplified case are robust.

In concluding, I wish to offer three comments briefly. First, SARG, including utility theory, is a
rigorously-defined, indeed axiomatized, theory. That is no small part of its attraction. More important,
however, is that fact that SARG embodies or assumes certain intuitively attractive maxims of rationality.
These include transitivity of preference, independence of irrelevant alternatives, the principle of dominance
in choice, and so forth. Exploring rationality, in the form of state-space learning and policy-space learning
described here, is not axiomatized. It is, however, rigorously specified in particular instances as algorithms
executable on computer.9 Undecidability and computational intractability do not attend the methods de-
scribed here. Moreover, as I have tried to emphasize, the maxim of prudently attending to risk-return trade-
offs is also rationally attractive. When games are repeated it may well trump the principle of dominance.
Why, in say RPD, should one pick a dominated strategy in the stage game? To induce coöperation by the
counter-player. Why do we think this might work? Because under a plausible regime of play coöperation is
reliably achieved by such measures.

Second, a number of themes in the philosophical literature are intriguingly in accord with the, rather mi-
cro, views of rationality expressed here. As Robert Nozick has noted, “One way to understand the rationality
of a belief is simply to regard it as the result of a certain type of process. . . ” [27, page 80]. Philosophers
with reliablist views of rationality and justification may find support in the demonstration that policy-space
learning is so effective in difficult strategic contexts. Philosophers have stressed the role of principles in
reasoning, rationality, and moral judgment. Nozick, for example, celebrates principles as bulwarks to temp-
tation [27]. They are what we use now to avoid doing what we would regret later. In a sense, I have been
dwelling on the other side of that coin. Principles are like (are generalizations of?) policies, as I have used
the term. In learning policies we take risks with an eye to finding better returns; we trade off exploitation
(immediate reward) and exploration (deferred reward, in hopes of future return). I note that policies succeed
or fail in accordance with the returns they generate. Policies are free—in principle as it were—to be biased,
to make metaphysical or political presumptions and generally to employ pragmatic devices. This coheres
with recent pluralistic accounts of science, e.g., [38].

Finally, all of this is admittedly, in fact deliberately, speculative. I have tried to sketch a case for the
concept of an exploring form of rationality in strategic contexts. The concept itself needs to be explored,
clarified, and refined. Further analysis and simulation need to be undertaken, experimental data reconsid-
ered, paradoxes and anomalies revisited. The required effort is enormous. My purpose has been to support
the belief that it is likely worthwhile.
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